How and when neutinos with different masses can be coherent is clarified by considering the neutrino beam and detector as a correlated quantum system and describing the neutrino passage from source to detector as a multipath experiment where knowing the path in momentum-energy space destroys coherence. The role of quantum-mechanically imposed ignorance of the path and the role of the detector in imposing this ignorance are emphasized and demonstrated in the example of X-ray Bragg scattering. All realistic neutrino detectors impose quantum-mechanical ignorance of the neutrino momentum and require amplitudes with the same energy and different masses to be detected coherently and produce oscillations. Amplitudes with different energies are incoherent.
I. HOW NEUTRINOS WITH DIFFERENT MASSES CAN BE COHERENT

A. No coherence in a missing mass experiment
When a pion decays at rest π → µν the energies and momenta of the neutrino and muon are all known. This is just a "Missing Mass" experiment. The value of M ν is uniquely determined by M 2 ν = (M π − E µ ) 2 − p 2 µ . So how can there be coherence and interference between states of different mass? We are guided to the resolution of this paradox by experience in condensed matter physics discussing which amplitudes are coherent in quantum mechanics [1] [2] [3] .
We now know that neutrinos have mass and that there are several different mass eigenstates with different masses. Since these neutrinos are stable for all practical purposes, we can describe all the neutrino physics using the basis of these mass eigenstates and do not need to consider states that are mixtures of mass eigenstates.
B. Why quantum-mechanically imposed ignorance is needed
The original Lederman-Schwartz-Steinberger experiment found that the neutrinos emitted in a π − µ decay produced only muons and no electrons. Experiments now show that at least two neutrino mass eigenstates are emitted in π − µ decay and that at least one of them can produce an electron in a neutrino detector. The experimentally observed absence of electrons can be explained only if the electron amplitudes received at the detector from different neutrino mass eigenstates are coherent and exactly cancel. This implies that sufficient information was not available to determine the neutrino mass from energy and momentum conservation. A missing mass experiment was not performed.
The missing information cannot result from simple ignorance nor stupidity. Ignorance and stupidity alone cannot provide coherence. The experiment must have been set up in a way where quantum mechanics forbids the knowledge of the information necessary to determine the neutrino mass. Since there is no problem in measuring the momentum of the decay muon, the information on the energy and momentum of the initial state must somehow be incomplete.
We show below that all realistic detectors impose quantum-mechanical ignorance on the momentum of the detected neutrino, while they allow the measurement of the neutrino energy. Components in the neutrino wave packet with the same energy and different momenta are therefore detected coherently and can produce oscillations. Components with different energies have never yet been detected coherently in real experiments.
II. HOW INCOMPLETE INFORMATION PROVIDES COHERENCE
A. Bragg Scattering
Bragg scattering by a crystal provides an instructive example of coherence arising from incomplete information on momentum conservation. Coherence between the photon scattering amplitudes from different atoms in the crystal produces constructive interference at the Bragg angles and gives peaks in the angular distribution. When a single photon is scattered from a crystal, momentum is transferred to the atom in the crystal that scattered the photon. If the recoil momentum is detected the atom that scattered the photon is identified and coherence is destroyed. Coherence arises when quantum mechanics prevents the measurement of the initial and final momenta of the individual atoms.
The initial and final states of the crystal are many-particle quantum states that are eigenstates of the Hamiltonian of the crystal. The dynamics of the crystal and the interaction with the incident photon allow elastic scattering, in which the photon is scattered by a single atom in the crystal but the quantum state of the crystal is unchanged. This is a purely quantum effect. Transferring momentum classically to an atom in a crystal must change the momentum and the motion of the particular atom and allow the identification of which atom scattered the photon.
The difference produced by quantum mechanics is simply seen in a toy model in which each atom is bound to its equilibrium position in the crystal by a harmonic oscillator potential. The atom that scatters the photon is initially in a definite discrete energy level in the potential. In contrast to the classical case, the atom cannot absorb the momentum transfer according to the energy and momentum kinematics of free particles. The final state of the atom in the potential must be one of the allowed energy levels, and there is a finite probability that the final state is the same as the initial state. In this case of elastic scattering, there is no information available on which atom scattered the photon, and the scattered amplitudes from all scattering atoms are coherent.
This example shows how amplitudes arising from different processes which would be classically distinguishable can be coherent. The quantum mechanics of bound systems can conceal the information which would be classically available from energy-momentum conservation for free particles.
B. Pion Decay
This same effect conceals the mass of the neutrino emitted in pion decay. The initial pion in a beam stop cannot be strictly at rest; it is localized by its electrostatic interaction with the electric charges in the material where it was stopped. It is therefore in some kind of energy level of the bound system and described by a wave function which is a coherent linear combination of different momentum eigenstates. Measuring the energy of the muon determines the energy of the emitted neutrino, since the energy of the initial state is determined. But the momentum of the neutrino is not determined. In a simple toy model where the initial pion is bound by some external potential, it is described by a wave function which is a coherent wave packet in momentum space.
When the neutrino strikes a detector, the amplitudes produced by different mass eigenstates having different energies cannot be coherent [4] [5] [6] , but those produced by different mass eigenstates having the same energy and different momenta can be coherent. They are produced from the different momentum components in the initial pion wave function which are coherent with a definite relative phase. This can explain why no electrons are observed at a short distance from the detector.
If the neutrino amplitudes produced in this way propagate as free particles, these considerations determine completely the relative phase between the amplitudes for neutrinos having the same energy but different masses and different momenta. The phase change will produce neutrino oscillations with the same relation between mass differences and phase differences that has been given by the standard treatments.
III. INTERPRETING THE STANDARD TEXTBOOK WAVE FUNCTION
Confusion arises in interpreting the standard textbook neutrino-oscillation wave function which describes oscillations in time arising from the interference between neutrino momentum eigenstates with the same momentum and different energies. In realistic neutrino oscillation experiments neutrinos travel between a source and a detector at two well-defined points in space and time oscillations are not observed.
The application of the textbook wave function to real experiments is obvious and given in the textbooks. But it recalls the story of the mathematics lecturer saying: "It is obvious that ..Is it obvious?", and pausing for a half hour before saying "Yes it is obvious". Here the interval between "Is it obvious?" and "Yes it is obvious" has been filled with many wrong arguments, many wrong papers, and more papers showing that the wrong arguments are wrong [4, [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] .
The textbooks calculate the phase difference between two waves having the same momentum and different masses (m 1 , m 2 ) and energies (E 1 , E 2 ) and show that it increases linearly with time.
where we have seth = 1.Ē = (E 1 + E 2 )/2
We now convert time into distance by using the velocity v = p/Ē = x/t to obtain the OBVIOUS connection between the textbook frequency and a real experiment where the ν moves from a source to a detector at a distance x from the source.
But IS IT REALLY OBVIOUS? The two states with the same momentum and different energies also have different velocities, v 1 and v 2 and arrive at the point x at different times t 1 and t 2 . This suggests a different result, which disagrees with the textbook result (3.2) by the famous factor of two.
The direct description of oscillations in space between states having same energy and different momenta [7] gives a result equivalent to the OBVIOUS textbook result (3.2).
Which is correct? What has happened between source and detector? Why same energy and different momenta? We now know that the detector requires the same energy. This is discussed further below.
IV. THE ANALOG WITH TWO-SLIT EXPERIMENTS
To understand which amplitudes are coherent and confirm that YES IT IS OBVIOUS and the textbook answer is OK, consider neutrino oscillations as two-slit experiments in momentum space with a quantum detector.
In a neutrino oscillation experiment a particle passes without being observed between a source and a detector, just as in the two-slit electron diffraction experiment. The neutrino carrying momentum and energy from source to detector may be in any of the allowed mass eigenstates, but which carries this momentum and energy is not known. The amplitude at the detector is the coherent sum of the amplitudes from all allowed paths in energy-momentum space. In Bragg scattering a photon may be scattered by any one of the atoms in the crystal, but which atom scattered the photon is not known. Both in Bragg scattering and neutrino oscillations there would be no coherence if the energy and momenta of all relevant particles were measured precisely and momentum conservation could determine which amplitude produced a given final state at the detector. But coherence between amplitudes is not introduced by simple ignorance of which path was taken [18] . Coherence results only from an uncertainty required by quantum mechanics.
The relation between coherence and incompleteness of knowledge is clarified [19, 20] in a simple "two-slit" which-path experiment [3, 21] . A particle beam is split into two paths and the two amplitudes, denoted by |L(x) and |R(x) , are then recombined at a point x on a screen. A classical detector placed in one path would determine the path taken and destroy all coherence. A quantum detector placed in one path is a quantum system which undergoes a transition from an intial state |D i to a final state |D f if the particle passes through its path and remains in the initial state |D i if the particle passes through the other path. If the two detector states |D i and |D f are not orthogonal, the quantum detector does not give a clear signal whether the particle passed through its path.
This lack of clarity is seen quantitatively by writing the wave function for the combined system of particle and detector for the case where there is a quantum detector in the "R" path,
The intensity observed at x is then [6] I
where θ(x) is relative phase of |L(x) and |R(x) and its variation with x gives the interference pattern on the screen.
The quantum detector introduces an additional factor and phase into the interference term, given by the detector overlap D i |D f .
Bragg scattering is a which-path experiment with many paths, one for each scattering atom, and a quantum detector in each path. The detector is the full lattice and each interference term between two paths contains two coherence factors D i |D f that depend on the lattice dynamics. The probability P DW that the scattering is coherent is called the "Debye-Waller" factor [21, 22] , P DW = | D i |D f | 2 which defines the relative amounts of coherent Bragg scattering and incoherently scattered photons observed outside the Bragg peak.
V. THE DIFFERENCE BETWEEN MOMENTUM AND ENERGY
Confusion tends to arise from thinking that momentum and energy should be on the same footing, particularly since relativity implies that they are components of the same four vector. But this is only true for free particles. In any simple interacting two-particle system like the deuteron, momentum is simple and energy is complicated. The momenta of the neutron and proton in the deuteron are described by simple one-body operators and their sum is the total momentum operator which is also the generator of translations. The energies include the kinetic energies of each but also a potential energy which somehow is shared between them. As soon as potential energies play a role, momentum coherence is simply described in a single-particle picture, but energy coherence is much more complicated.
The nucleon in the neutrino detector that absorbs the neutrino and emits a muon or electron is not a free classical particle. It must be described by a quantum-mechanical wave function which also describes its interactions with the rest of the detector, including its interaction energies. In a simplified toy model, where the interaction is described by a fixed external potential, the potential energy plays a crucial role in the conservation of energy and destroys the coherence between different neutrino amplitudes with different energies.
In a more realistic model with many-body interactions, the energy transfer is even more complicated and there is no way to preserve coherence between amplitudes with different energies.
On the other hand, the coherence between amplitudes with the same energy and different momenta is simple. The momentum transfer to the detector nucleon is described by a simple operator which depends only on the co-ordinate of the nucleon and all the other degrees of freedom are spectators. The relative phase of the amplitudes from neutrinos with the same energy and different momenta is easily evaluated because the transition matrix element involves an operator which depends only on the co-ordinate of the detector nucleon and all the other spectator degrees of freedom drop out. The result gives a form factor which is seen to be negligibly different from unity as long as the quantum fluctuations in the position of the detector are small in comparison with the wave length of the oscillation being measured.
The details of the complicated motion of the nucleon in the liquid of a water detector are irrelevant here, because the nucleon motion is limited to the size of the detector, which is in turn much smaller than the oscillation wave length.
VI. DETAILED QUANTUM MECHANICS OF A ν SOURCE AND DETECTOR
A. The neutrino wave packet
The neutrino wave-packet which travels between the source and detector is seen at any time during the passage as a packet which vanishes outside some finite interval in space.
The packet must therefore contain coherent components with different momenta which at any given time time cancel one another everywhere in space where the neutrino cannot be found. Also, at any point on its path between the source and detector the packet must vanish outside some finite time interval. The packet must therefore contain coherent components with different energies which cancel one another everywhere in time where the neutrino cannot be found at that point. The packet therefore contains components with different momenta and different energies which are all coherent with well defined phases to cancel out at all points in space and time where the probability of finding the neutrino vanishes.
However, not all the different kinds of coherence present in the wave packet are observable with a conventional detector. The detector is sensitive in very different ways to the different components in the wave packet. [6] .
Consider, for example, a transition from an initial state of an incident neutrino wave packet and a target proton to a final state of a neutron and a µ + . The transition probability is proportional to the square of the transition matrix element, averaged over all initial states and summed over all final states.
The initial target proton is described by a density matrix in which the energy is diagonal [4] . Since energy is conserved in the detection process, components of the neutrino wave packet with different energies produce final states which have different energies and these contributions to the transition probability cannot be coherent. However, the components of the initial wave packet which have the SAME energy but different mass and momentum can produce transitions to the SAME final neutron-muon state. These transitions can be coherent. The degree of coherence is model dependent, but explicit calculations [6] described below show that the amplitudes are fully coherent if the detector proton is localized in its initial state with fluctuations which are negligible in comparison with the oscillation wave length to be measured.
B. Applying the general which-path formalism
We now apply the general which-path formalism developed above to a neutrino -detector system, where a neutrino ν k with energy, mass and momentum E ν , m k and P k is detected via the transition ν k + p → µ + + n occurring on a proton in the detector, The final state of the detector D kf produced in the "path k"; i.e. after the absorption of a neutrino with mass m k and emission of a µ + with energy E µ and mmentum P µ is
where D i denotes the initial detector state and the final state , X denotes the proton coordinate and I − denotes the charge exchange isospin operator.
The overlap between the final detector wave functions after the transitions absorbing neutrinos with masses m k and m j is then
If the quantum fluctuations in the position of the active nucleon in the initial state of the detector are small in comparison with the oscillation wave length, λ = 1/( P j − P k ), there is effectively a full overlap between final detector states after absorption of different mass neutrinos, and a full coherence between neutrino states with the same energy and different momenta.
The total energies of the final muon and detector produced after absorption of neutrinos with different energies are different. These muon-detector states are thus orthogonal to one another and there is no coherence between detector states produced by the absorption of neutrinos with different energies. where δp osc is the momentum range over which coherence is required in order to observe osicillations.
CONCLUSION
Any sensible experiment will have δp coherence.
VII. THE POSSIBILITY OF TIME MEASUREMENTS
The preceding analysis does not consider experiments in which the transit time of the neutrino between source and absorber is measured. Experiments have been suggested in which the muon emitted together with the neutrino in a pion decay is observed at the neutrino source and the time that the muon is detected is measured precisely along with the time that the muon or electron is produced by absorbing the neutrino in the detector. The motivation is to use some kind of energy-time uncertainty to detect interference between components having different energies in the neutrino wave function. and p 2 , and coefficients c 1 and c 2 denoting the magnitudes of the two amplitudes. The state |f of the sun and neutrino after the emission of the neutrino can be written
The square of the transition matrix element between the state |f and the state |SD of the sun and the detector that absorbed the neutrino is then
The sun states drop out of the relation because sun states with different momenta and/or energies are orthogonal.
It is a missing mass experiment with no coherence beween the two neutrino mass eigenstates.
B. Second version. Coherence for free propagation -without MSW
The sun is not an eigenstate of momentum which exists with constant magnitude over all space. It is described as a wave packet in momentum space. We now write the state of the sun before emitting the neutrino |i = g(p)dp |S(E, p) ≡ Ψ S (X) (8.5) where it is convenient to describe the wave function in configuration space and X denotes the center of mass co-ordinate of the sun. Then
is the state of the sun and neutrino after the emission of the neutrino, where x 1 and x 2 denote the co-ordinates of the two neutrinos having masses m 1 and m 2 and we now consider the two neutrino states with the same energy. The square of the transition matrix element between the state |f and the state |SD of the sun and the detector that absorbed the neutrino is
The interference term no longer vanishes but is proportional to the "solar form factor"
where λ = 2π/δp is the wave length of the neutrino oscillation produced by the momentum difference δp between the neutrino eigenstates. The departure from coherence in the interference is proportional to the ratio of the mean square quantum fluctuation in the position of the sun to the square of the oscillation wave length and is clearly negligible for wave lengths of the order to the sun-earth distance.
C. Third and more realistic version -MSW Effect in Solar Neutrinos
The above oversimplified treatment of solar neutrinos assumed that the amplitudes for neutrinos emitted in solar neutrino beta decays were coherent linear combinations of mass eigenstates which then propagated freely to earth and arrived coherently at the neutrino detector with phases determined by the propagation in free space. These amplitudes can be very much changed in propagating through the mass of the sun as the result of MSW. In the adiabatic limit for MSW in the sun they emerge from the sun in the single mass eigenstate
This mass eigenstate can propagate unchanged to earth. The probability of its being absorbed in a neutrino detector thus depends only on the mixing angles for this mass eigenstate and is independent of distance. This neutrino amplitude is not oscillating; its flavor properties have been modified in its passage through the matter of the sun in a way that leaves it as a single mass eigenstate when it leaves the sun.
There is no question here of oscillations nor phase coherence in the solar amplitudes arriving directly to the earth. However these amplitudes are not in propagation eigenstates for passing through the earth. As a result there is an oscillation in earth matter which can lead to an increased ν e flux at night (so far observd only at a little more than 1 sigma). A simple explanation of the day-night effect has been given [23] . Here it is assumed there is no loss of coherence.
There are oscillations and phase coherence effects in terrestrial accelerator, reactor and atmospheric neutrinos.
IX. BOTTOM LINE
The role of the neutrino detector is crucial in all discussions of coherence. All realistic neutrino detectors destroy all coherence between components with different energies in the neutrino wave packet incident on the detector, while all coherence between components having the same energy and slightly different momenta is preserved. This is completely independent of the neutrino source and in particular completely independent of whether the source satisfies Stodolsky's stationarity condition [4] .
We now know that such preserved coherence must exist in neutrinos emitted from pimu decay because the original Lederman-Schwartz-Steinberger experiment saw only muons and no electrons, and we now know that at least two different neutrino mass eigenstates are emitted from pi-mu decay and that at least one must couple to electrons. The only explanation for the absence of electrons at the detector is destructive interference from amplitudes produced by different mass eigenstates.
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